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Permutations

A permutation is a bijection 7: {1,...,n} — {1,..., n}, for some n.
We will use one-line notation for permutations, for example,

m = 32415
is the permutation that sends

1—3
22
3—4
4—1
5—5
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Drawing permutations

We can draw the graph of a permutation by placing dots on a grid.

526413 =
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Classical patterns

Patterns are permutations inside other permutations ...

Example

The pattern

occurs in the permutation 526413.
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Classical patterns

Patterns are permutations inside other permutations ...

Example
The pattern occurs in the permutation 526413.
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Classical patterns

Patterns are permutations inside other permutations ...

Example

The pattern

occurs in the permutation 526413.

Py

@

+e +e

!

The same permutation avoids the pattern

{ {
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Permutation patterns Hierarchy of generalizations

Mesh patterns

Classical patterns form the base of a

hierarchy of generalizations
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Mesh patterns

Vincular patterns (2000) may require
positions to be adjacent

occurs in the

The pattern

RN SN

permutation 526413

@
e vincular
4{? %
[z classical

This is an occurrence
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Mesh patterns

Vincular patterns (2000) may require
positions to be adjacent

v
The pattern “4— occurs in the
permutation 526413
@
2 0% vincular
e
44(.? A VA
Bz ii%iﬁ classical

This is not an occurrence
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Permutation patterns Hierarchy of generalizations

Mesh patterns

Bivincular patterns (2009) may also
require values to be adjacent

77
7

74777

The pattern “ is avoided by the

N
~

permutation 526413

2]
y

AR

ST
’

77
77
AV Y
77
77

22¥07
77 /K.
N7

p
— @5
{K”
2

‘ 77

NN
NN

This is not an occurrence
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Mesh patterns

Bivincular patterns (2009) may also
require values to be adjacent

77
7

The pattern “4428“ is avoided by the
permutation 526413 bivincular
YT vincular
4{? i
] o ‘ if%iﬁ classical
Neither is this one )
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Permutation patterns Hierarchy of generalizations

Mesh patterns

Mesh patterns (2010) may forbid cer-
tain boxes from containing elements

4

7

The pattern % occurs in the

permutation 526413

@

“®

This is an occurrence

NN
INSNRSY
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Permutation patterns Hierarchy of generalizations

Mesh patterns

Mesh patterns (2010) may forbid cer-
tain boxes from containing elements

4

7

The pattern % occurs in the

permutation 526413

777
777
77

®©

777
777

7
g
2
7
1

777

777

This is not an occurrence

NSRS ISR
N TR NN
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Simsun permutations

A permutation is simsun if any restriction of it to {1,...,k} C {1,...,n}
has no double descents.
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Permutation patterns Using mesh patterns

Simsun permutations

A permutation is simsun if any restriction of it to {1,...,k} C {1,...,n}
has no double descents.

Example

The permutation 4536712 is not simsun: If we restrict to {1,...,5} we
have 45312.
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Permutation patterns Using mesh patterns

Simsun permutations

A permutation is simsun if any restriction of it to {1,...,k} C {1,...,n}
has no double descents.

Example

The permutation 4536712 is not simsun: If we restrict to {1,...,5} we
have 45312.

®
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Simsun permutations

A permutation is simsun if any restriction of it to {1,...,k} C {1,...,n}
has no double descents.

Example

The permutation 4536712 is not simsun: If we restrict to {1,...,5} we
have 45312.

l

77

N

77
77

N
N

77

N

77 77

77

22

7,7 77

77

@

NN
NSRS PSRN
N N SN NN
DN NN SN RN

77
z

7 7
oz i~
77477707
77277077

SSNYNNIRNNANY
SNNYN NN
N
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Permutation patterns Using mesh patterns

Simsun permutations

A permutation is simsun if any restriction of it to {1,...,k} C {1,...,n}
has no double descents.

Example

The permutation 4536712 is not simsun: If we restrict to {1,...,5} we
have 45312.

77

77

NN

77

7,7

77

7 z
oz i~
77477707
77277077

@

NN
NSRS PSRN
N N SN NN
DN NN SN RN

NS

NS

RN NNAN-4

SNNYN NN
N

l
A permutation is simsun if and only if it avoids —«?«*
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e i
Marked mesh patterns

Marked mesh pattern (2010) restrict
the number of elements in a region

4

o

The pattern

permutation 526413

occurs in the

.
e

+

This is an occurrence
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Permutation patterns Extending further

Marked mesh patterns

Marked mesh pattern (2010) restrict
the number of elements in a region

4

The pattern 3 occurs in the
permutation 526413
®
O

+

This is not an occurrence
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Permutation patterns Using marked mesh patterns

Freely braided permutations

Green and Losonczy, 2002, defined freely braided permutations as those
permutations avoiding the classical patterns 3421, 4231, 4312, 4321.
Equivalently, these are the permutations avoiding

(1]

Ulfarsson (SCS RU) Patterns prohibiting sorting October 14, 2011 9/25



Sorting with a stack

We now look at sorting and introduce a new type of pattern
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Sl e @ siEe
Sorting with one stack

If we try to sort the permutation 231 with one stack ...

231
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Sl e @ siEe
Sorting with one stack

If we try to sort the permutation 231 with one stack ...

31
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Sl e @ siEe
Sorting with one stack

If we try to sort the permutation 231 with one stack ...

-2 31
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Sl e @ siEe
Sorting with one stack

If we try to sort the permutation 231 with one stack ...

-2 1
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Sl e @ siEe
Sorting with one stack

If we try to sort the permutation 231 with one stack ...

2
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Sl e @ siEe
Sorting with one stack

If we try to sort the permutation 231 with one stack ...

21
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Sl e @ siEe
Sorting with one stack

If we try to sort the permutation 231 with one stack ...

213
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Sl e @ siEe
Sorting with one stack

If we try to sort the permutation 231 with one stack ...

213

. we fail. So 231 is not sortable in one pass.
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Sl e @ siEe
Characterizing permutations sortable in one pass

We failed because the outcome contained the pattern
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in one pass

We failed because the outcome contained the pattern

. The points
making up that pattern must have come from a pattern

in the original permutation ...
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in one pass

We failed because the outcome contained the pattern . The points
making up that pattern must have come from a pattern
in the original permutation ... and something pushed the big element out

of the stack before the small element could get on top and out of the stack

Ulfarsson (SCS RU) Patterns prohibiting sorting October 14, 2011 12 /25



SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in one pass

We failed because the outcome contained the pattern . The points

making up that pattern must have come from a pattern

in the original permutation ... and something pushed the big element out
of the stack before the small element could get on top and out of the stack

by el

This result is due to Knuth (1968): A permutation is sortable in one pass
if and only if it avoids 231.
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Sl e @ siEe
Characterizing permutations sortable in two passes

A permutation is not sorted in two passes if we pass it once through and

the outcome contains the pattern
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in two passes

A permutation is not sorted in two passes if we pass it once through and

the outcome contains the pattern

. The points making up that

pattern can come from either of the patterns

in the original permutation ...
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in two passes

A permutation is not sorted in two passes if we pass it once through and

the outcome contains the pattern

. The points making up that

pattern can come from either of the patterns

in the original permutation ... and something pushed the big elements out
of the stack before the small element could get on top and out of the stack
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Characterizing permutations sortable in two passes

A permutation is not sorted in two passes if we pass it once through and

the outcome contains the pattern . The points making up that

pattern can come from either of the patterns

in the original permutation ... and something pushed the big elements out
of the stack before the small element could get on top and out of the stack

A}* 2 A}*
1 O ) 4@
7
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Characterizing permutations sortable in two passes

A permutation is not sorted in two passes if we pass it once through and

the outcome contains the pattern . The points making up that

pattern can come from either of the patterns

in the original permutation ... and something pushed the big elements out
of the stack before the small element could get on top and out of the stack

A}* 2 A}*
1 O ) 4@
7

This reproves a theorem of West.
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Sl e @ siEe
Characterizing permutations sortable in two passes

Theorem (West 1990)

A permutation is sorted in two passes if and only if it avoids

';'/
I

AN
NN
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in three passes

A permutation is not sorted in three passes if we pass it once through a

stack and the outcome contains either of the patterns on the last slide.
Say it is the pattern

s
77
77
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in three passes

A permutation is not sorted in three passes if we pass it once through a

stack and the outcome contains either of the patterns on the last slide.
Say it is the pattern

s
77
77

D
A 4

The points making up the underlying 3241 pattern can come from many
patterns in the original permutation. One example is
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in three passes

A permutation is not sorted in three passes if we pass it once through a

stack and the outcome contains either of the patterns on the last slide.
Say it is the pattern

s
77
77

D
A 4

The points making up the underlying 3241 pattern can come from many
patterns in the original permutation. One example is

s
7
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Characterizing permutations sortable in three passes

A permutation is not sorted in three passes if we pass it once through a
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in three passes

A permutation is not sorted in three passes if we pass it once through a

stack and the outcome contains either of the patterns on the last slide.
Say it is the pattern

s
77
77

D
A 4

The points making up the underlying 3241 pattern can come from many
patterns in the original permutation. One example is

7,z
7

77
77
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in three passes

A permutation is not sorted in three passes if we pass it once through a
stack and the outcome contains either of the patterns on the last slide.
Say it is the pattern

s
77
77

D
A 4

The points making up the underlying 3241 pattern can come from many
patterns in the original permutation. One example is

”

2

—71®
7
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in three passes

A permutation is not sorted in three passes if we pass it once through a

stack and the outcome contains either of the patterns on the last slide.
Say it is the pattern

s
77
77

D
A 4

The points making up the underlying 3241 pattern can come from many
patterns in the original permutation. One example is

sr4ss877
vy
7 7
7
22
77

~
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in three passes

A permutation is not sorted in three passes if we pass it once through a

stack and the outcome contains either of the patterns on the last slide.
Say it is the pattern

s
77
77

D
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The points making up the underlying 3241 pattern can come from many
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SITal - IER =Tl Sorting through a stack

Characterizing permutations sortable in three passes

A permutation is not sorted in three passes if we pass it once through a

stack and the outcome contains either of the patterns on the last slide.
Say it is the pattern

s
77
77

D
A 4

The points making up the underlying 3241 pattern can come from many
patterns in the original permutation. One example is
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Characterizing permutations sortable in three passes

Theorem (U. 2011)

A permutation 7 is sortable in three passes if and only if it avoids the
following decorated patterns

sz s
77 77

77 7

77 77

77 77

22

77

v

s /s /s
77 77 77

77 77 77

N AN
NNYNNY
AN
NN
NNy NN
NN

77 77 77

77 77 77
22 77
77 77

v
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Sl AW eIl Sorting through a stack

Characterizing permutations sortable in three passes

Theorem (U. 2011)

A permutation 7 is sortable in three passes if and only if it avoids the
following decorated patterns

A vryss4s77
srslrss vr4774777
e ks sAr77

7771 T

1174777 A sr7

774777 A sz

&

27 R ARG

r1sq77710 77 vrsh st 774777

1227227027 VXAV Yy Y
777 77
777 vz
77 sz
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Sl e @ siEe
Characterizing permutations sortable in three passes

Theorem (U. 2011)

A permutation 7 is sortable in three passes if and only if it avoids the
following decorated patterns

R A srys AV
174277077 A
S A exen
U 723770777
7rAT s, ey
2Z A 2 22
274777 27%77 77
274777 77477 zz
T7ATIIV 77 7777777V 77
274 A
774277077 e ok

777 77

77 77

D
A 4
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Decorated patterns

bivin

v
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Decorated patterns

decorated patterns

Decorated patterns (2011) allow even
finer control over the elements in a
region | marked mesh
. mesh
The pattern occurs in the
permutation 526413. bivincular
oLl
o |- )
vincular
- O
. classical
This is an occurrence

v
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Decorated patterns

decorated patterns
Decorated patterns (2011) allow even

finer control over the elements in a

region | marked mesh
. mesh

The pattern occurs in the

permutation 526413. bivincular

vincular

classical

This is not an occurrence

v
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Decorated patterns

decorated patterns

Decorated patterns (2011) allow even ~ _
finer control over the elements in a barred mon. grid cl.
region marked mesh
o ~
more barred McGovern
) mesh
The pattern occurs in the
interval
permutation 526413. bivincular
1-barred Bruhat-restr.
vincular
L. classical
This is not an occurrence

v
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Open problems

We end with some open problems.
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

2341
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

341
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

41
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

w
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

1

w
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

14
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

143
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

1432
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

1 432
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

1

w
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Sorting with two stacks

We can sort the permutation 2341 with two stacks ...

1234

... by being smart. This is possible for some permutations — not for all.
We don’t know how to characterize them by pattern avoidance.
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Open Problem 1

Characterize permutations sortable with two stacks: wide-open and
considered very hard.
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Open problems

Open Problem 2

Count permutations sortable with three passes through a single stack:
wide-open and considered very hard. Maybe easier now because we have
the patterns describing these permutations.
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Open Problem 3

Can a computer do what we did? Can it figure out the patterns describing
permutations sortable in four passes through a single stack?
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Open Problem 4

Applications to other sorting operations. The method used above can be
easily extended for the bubble-sort operator. How about others?
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For more information

Describing West-3-stack-sortable permutations with permutation patterns
http://arxiv.org/abs/1110.1219
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Open problems

Thank you for listening!
Any questions?
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